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The kernel of the adjoint representation of a
p-adic Lie group need not have an abelian
open normal subgroup
Helge Glo¨ckner
Abstract
Let G be a p-adic Lie group with Lie algebra g and Ad: G→ Aut(g)
be the adjoint representation. It was claimed in the literature that the
kernelK := ker(Ad) always has an abelian open normal subgroup. We
show by means of a counterexample that this assertion is false; it can
even happen that K = G but G has no abelian subnormal subgroup
except for the trivial group. The arguments are based on auxiliary
results on subgroups of free products with central amalgamation.
Classification: Primary 22E20; secondary 20D35, 20E06, 22E25, 22E50
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Introduction and statement of results
The context of these investigations are recent studies of normal series
G = G0 ✄G1 ✄ · · ·✄Gn = 1
of closed subgroups in a p-adic Lie group G. Although composition series
need not exist (as is evident from Zp ✄ pZp ✄ p
2Zp ✄ · · · ), by reasons of di-
mension one can always find a series all of whose subquotients Q := Gj−1/Gj
are nearly simple in the sense that each closed subnormal subgroup S ⊆ Q
is open or discrete [4]. It turns out that a quite limited list of subquotients
suffices to build up G (loc. cit.). The kernel of the adjoint representation is
an important source of normal subgroups, and its properties have an impact
on the list of subquotients needed to build up general p-adic Lie groups (see
the proposition below). Some statements from the literature are relevant in
this connection. In [3, Exercise 9.12], the following assertion is made:
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Assertion 1. Let G be a p-adic Lie group. Then G has closed normal
subgroups Z ⊆ K such that Z is abelian, K/Z is discrete, and G/K is iso-
morphic to a subgroup of GLd(Qp) where d = dim(G).
The hint given in the exercise amounts to the following assertion:
Assertion 2. If G is a p-adic Lie group, with Lie algebra g and adjoint
representation Ad: G→ GL(g), then the kernel ker(Ad) has an abelian open
subgroup which is normal in G.
In fact, the hint to solve the exercise is to take K := ker(Ad) and define G+
as the subgroup generated by all compact open subgroups of G which are
uniformly powerful. This is an open normal subgroup of G (and so G/G+
and K/(K ∩ G+) are discrete). The reader is supposed to show that K is
the centralizer of G+ in G (which is false), which would entail that K and
Z := K ∩G+ can be used to obtain Assertion 1.
The goal of this note is to show that Assertions 1 and 2 are false, and to
record additional pathologies that may occur. However, a weakened version
of Assertion 1 cannot be ruled out so far:
Problem 1. Does every p-adic Lie group G have closed subgroups Z✁K✁G
such that Z is abelian, K/Z is discrete and K = ker β for a continuous ho-
momorphism β : G→ GLd(Qp) for some d ∈ N?
Our counterexample to Assertions 1 and 2 reads as follows:
Theorem. The ascending union
G :=
⋃
n∈N0
(Qp ∗Zp Qp ∗pZp · · · ∗pnZp Qp)
of iterated amalgamated products can be made a 1-dimensional p-adic Lie
group with the following properties :
(a) Ad(g) = id for all g ∈ G, i.e., ker(Ad) = G;
(b) G does not have an abelian non-trivial subnormal subgroup;
(c) G has a discrete normal subgroup K such that G/K ∼= Qp, whence
K = ker(ψ) for some analytic homomorphism ψ : G→ GL2(Qp); and :
(d) The commutator group G′ is discrete.
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Remarks.
(i) By (a) and (b), ker(Ad) = G does not have an abelian open normal
subgroup, showing that Assertion 2 is false.
(ii) Our group G also shows that Assertion 1 is false.1
(iii) Our group G does not provide a negative answer to Problem 1, as we
can choose K as in (c) and let Z be the trivial group.
(iv) As a consequence of (b), neither G, nor any non-trivial subnormal
subgroup of G, is soluble.
Following [4], a nearly simple p-adic Lie group H is called extraordinary if
H = ker(Ad) holds and S ′ is non-discrete for each open subnormal subgroup
S of H . This implies that the radical R(S) is discrete for each open subnor-
mal subgroup S ofH [4, Remark 3.3].2 It is not known whether extraordinary
p-adic Lie groups exist. In Section 4, we prove:
Proposition. If Problem 1 has a positive answer, then extraordinary p-adic
Lie groups cannot exist.
Being 1-dimensional, the Lie group G from the above theorem is nearly sim-
ple. Also, G = ker Ad and R(S) = 1 (which is discrete), for each subnormal
subgroup S of G. Thus G shares many properties of extraordinary groups.
Yet, G is not extraordinary, as G′ is discrete (by (d) in the theorem).
1 Preliminaries
We write N = {1, 2, . . .} and N0 := N ∪ {0}. If G is a group, then Z(G)
denotes its centre. As usual, we write G′ ⊆ G for the commutator group
of G, generated by the commutators ghg−1h−1 for g, h ∈ G and define the
1In fact, d = dim(G) = 1 here. Suppose that K := kerβ had an abelian open normal
subgroup Z for some homomorphism β : G→ GL1(Qp). Since G has no non-trivial abelian
subnormal subgroups, we must have Z = 1, whence K would be discrete and thus K 6= G.
Since Z×
p
(being pro-finite) and Z do not contain divisible elements apart from the neutral
element but Qp is divisible, every group homomorphism Qp → GL1(Qp) ∼= Q
×
p
∼= Z×Z×p is
trivial. Since G is generated by copies of Qp, we deduce that every group homomorphism
G→ GL1(Qp) is trivial. Thus K = G is non-discrete, contradiction.
2The notion of radical used here is recalled in Section 1.
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derived series of G via G(0) := G, G(n+1) := (G(n))′ for n ∈ N0. We write 1 for
the trivial group. As usual, G is called soluble if G(n) = 1 for some n ∈ N0.
The radical R(G) of G is defined as the union of all soluble normal subgroups
of G. Then R(G) is a normal (and, in fact, characteristic) subgroup of G.
Let A1 and A2 be groups having isomorphic subgroups B1 ⊆ A1 and B2 ⊆ A2,
respectively. Let θ : B1 → B2 be an isomorphism. Then the amalgam A1∗θA2
can be defined (see [5]). We shall always assume that B := B1 = B2 and
θ = idB is the identity map. As usual, we abbreviate
A1 ∗B A2 := A1 ∗idB A2
and call A1 ∗B A2 the free product of A1 and A2 with amalgamated subgroup
B (or amalgamated product, for short). We are only interested in central
amalgamations, i.e., we shall always assume that B ⊆ Z(A1) and B ⊆ Z(A2).
For basic properties of amalgamated products, the reader is refered to [5].
In particular, we essentially use [5, Theorem 11.66] on the normal form for
elements of A1∗BA2. See [1] and [6] for basic theory and notation concerning
p-adic Lie groups. We shall write L(G) for the Lie algebra of a p-adic Lie
group G and rad(g) for the radical of a finite-dimensional p-adic Lie algebra g
(the largest soluble ideal). A p-adic Lie group G is called linear if it admits
an injective continuous homomorphism G → GLd(Qp) for some d ∈ N. If G
is linear, then L(R(G)) = rad(L(G)) ([4, Lemma 1.3]; cf. [2, Lemma 6.4]).
2 Auxiliary results on amalgamated products
Lemma 2.1 Let A and C be groups and B be a subgroup of both Z(A) and
Z(C). If h ∈ A such that h 6∈ B and g ∈ A ∗B C such that g 6∈ A, then
ghg−1 6∈ A and ghg−1h−1 6∈ A.
Proof. We may assume that the sets A \ B and C \ B are disjoint. Let
R ⊆ A be a transversal for A/B and S ⊆ C be a transversal for C/B. Then
h = rb for unique r ∈ R and b ∈ B. Moreover,
g = x1 · · ·xnb
′
for some n ∈ N, b′ ∈ B and elements x1, . . . , xn ∈ R ∪ S such that xi ∈ R⇒
xi+1 ∈ S and xi ∈ S ⇒ xi+1 ∈ R for all i ∈ {1, . . . , n− 1}. Since g 6∈ A, we
have xi ∈ S for some i ∈ {1, . . . , n}. We let j be the minimum of all such i,
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and k be their maximum. Then j ∈ {1, 2}, j ≤ k, k ∈ {n − 1, n} and both
xj , xk ∈ S.
We show that ghg−1 6∈ A. Then also ghg−1h−1 6∈ A (as h ∈ A).
If ghg−1 6∈ A was false, we would have gh = ag for some a ∈ A. Note that
gh = x1 . . . xnrbb
′.
If k = n, then
gh = x1 . . . xnrb1 (1)
is in normal form, with b1 := bb
′ ∈ B.
If k = n− 1 and xnr ∈ B, then
gh = x1 . . . xn−1b2 (2)
is in normal form, with b2 := xnrbb
′ ∈ B.
If k = n− 1 and xnr 6∈ B, then xnrbb
′ = r′b3 for some r
′ ∈ R and b3 ∈ B,
and thus
gh = x1 . . . xn−1r
′b3 (3)
is in normal form.
Suppose that a ∈ B. We then deduce from
gh = ag = ga
(where we used that B ⊆ Z(A ∗B C)) that h = a ∈ B. But h 6∈ B,
contradiction. We therefore must have a ∈ A \ B and thus a = r′′b′′ with
r′′ ∈ R and b′′ ∈ B.
If j = 1, this implies that
ag = r′′x1 · · ·xnb4 (4)
is in normal form, with b4 := b
′b′′. Then gh = ag is false (contradiction)
because the normal form (4) differs from the ones in (1), (2) and (3) (each
starting with a representative x1 ∈ S, as we assume j = 1).
If j = 2 and r′′x1 ∈ B, then
ag = x2 · · ·xnb5 (5)
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is in normal form, with b5 := r
′′x1b
′b′′ ∈ B. Again we obtain gh 6= ag, as
the normal form in (5) differs from the ones in (1) and (3) (which involve
n+1 and n representatives, respectively); it also differs from the normal form
in (2) as the latter ends with a representative in S, while the normal form
in (5) ends with a representative in R in the situation of (2).
If j = 2 and r′′x1 6∈ B, then
r′′x1b
′b′′ = r1b6 (6)
with r1 ∈ R and b6 ∈ B, and thus
ag = r1x2 · · ·xnb6 (7)
is in normal form. Again gh 6= ag, as the normal form in (7) differs from
that in (1) (which involves n + 1 representatives) and the one in (2) (which
only involves n − 1 representatives). It also differs from the normal form in
(3). In fact, if we had gh = ag in the situation of (3) and (7), then
x1 . . . xn−1r
′b3 = r1x2 · · ·xnb6
would imply that x1 = r1, r
′ = xn and b3 = b6. Thus r
′′x1b
′b′′ = r1b6 = x1b6
(using (6)), whence b′b′′r′′x1 = b6x1 and thus b
′b′′r′′ = b6. Hence r
′′ =
(b′b′′)−1b6 ∈ B, contrary to r
′′ ∈ R ⊆ A \B. So, in all cases, ghg−1 6∈ A. ✷
2.2 Throughout the rest of this section, we consider the following situation:
(a) B0 ⊇ B1 ⊇ · · · is a descending sequence of groups with
⋂
n∈N0
Bn = 1;
(b) (Hn)n∈N0 is a sequence of groups such that, for all n ∈ N0, both Z(Hn)
and Z(Hn+1) contain Bn as a subgroup; and
(c) Bn 6= Hn and Bn 6= Hn+1, for each n ∈ N0.
We defineG0 := H0 andGn := Gn−1∗Bn−1Hn for n ∈ N. ThenG0 ⊆ G1 ⊆ · · ·
and we define the group G as the union (direct limit)
G :=
⋃
n∈N0
Gn =
⋃
n∈N0
H0 ∗B0 H1 ∗B1 · · · ∗Bn−1 Hn.
Definition 2.3 A subgroup H ⊆ G is called spread out if
(∀n ∈ N) H 6⊆ Gn.
For example, G is spread out.
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Lemma 2.4 If a subgroup H ⊆ G is spread out, then every non-trivial nor-
mal subgroup N of H is spread out.
Proof. Let k ∈ N0. We show that N is not a subset of Gk. Let e 6= h ∈ N
and m ∈ N0 such that h ∈ Gm. After increasing m if necessary, we may
assume that m ≥ k. Since
⋂
n∈N0
Bn = 1, after increasing m further we
may assume that h 6∈ Bm. Since H is spread out, there exists g ∈ H such
that g 6∈ Gm. There exists ℓ > m such that g ∈ Gℓ. We choose ℓ minimal.
Then g 6∈ Gℓ−1. After increasing m, we may assume that m = ℓ − 1. Thus
g ∈ Gm+1 but g 6∈ Gm. Now ghg
−1 ∈ N as N is a normal subgroup of H .
Moreover, applying Lemma 2.1 to the subgroup Gm+1 = Gm ∗Bm Hm+1 of G,
we see that ghg−1 6∈ Gm. Since m ≥ k, we deduce that ghg
−1 6∈ Gk. Thus
N is spread out, which completes the proof. ✷
Remark 2.5 For later use, note that also ghg−1h−1 6∈ Gm in the preceding
proof (since ghg−1 6∈ Gm and h ∈ Gm). Thus ghg
−1h−1 6∈ Gk (as m ≥ k).
A trivial induction based on Lemma 2.4 shows:
Lemma 2.6 If a subgroup H of G is spread out, then also every non-trivial
subnormal subgroup S of H is spread out. In particular, every non-trivial
subnormal subgroup S of G is spread out. ✷
Lemma 2.7 If a subgroup H ⊆ G is spread out, then H ′ 6= 1 and thus H is
not abelian.
Proof. Let k ∈ N0. Taking N = H in the proof of Lemma 2.4, we obtain
g, h ∈ H such that ghg−1h−1 6∈ Gk (see Remark 2.5). Since ghg
−1h−1 ∈ H ′,
we see that H ′ is spread out and thus H ′ 6= 1. ✷
Lemma 2.8 Every non-trivial subnormal subgroup S of G is non-abelian
and has trivial radical, R(S) = 1.
Proof. Being subnormal and non-trivial, S is spread out (see Lemma 2.6)
and hence non-abelian, by Lemma 2.7. Let S = S(0) ⊇ S(1) ⊇ S(2) ⊇ · · ·
be the derives series of S. Then S(n) is a subnormal subgroup of G, for each
n ∈ N0. We have S
(0) = S 6= 1. If S(n) 6= 1, then S(n) is spread out (by
Lemma 2.6), whence S(n+1) = (S(n))′ 6= 1 by Lemma 2.7. Hence S(n) 6= 1 for
all n ∈ N0 and thus S is not soluble. If N is a non-trivial normal subgroup
of S, then also N is subnormal in G and hence N is not soluble, by the
preceding. Hence 1 is the only soluble normal subgroup of S and hence
R(S) = 1. ✷
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3 Proof of the theorem
We now prove the theorem stated in the Introduction.
First note that G0 := Qp is a p-adic Lie group with p
−1Zp as a central open
subgroup. If n ∈ N and we already know that Gn−1 is a p-adic Lie group with
pn−2Zp as a central open subgroup, then Gn := Gn−1∗pn−1Zp Qp has p
n−1Zp as
a central subgroup. Now Proposition 18 in [1, Chapter III, §1, no. 9] shows
that Gn admits a unique p-adic Lie group structure turning p
n−1Zp into an
open Lie subgroup of Gn. Then Gn−1 is an open Lie subgroup of Gn and
thus G :=
⋃
n∈N0
Gn admits a unique Lie group structure making each Gn an
open Lie subgroup.
(a) If g ∈ G, then g ∈ Gn for some n ∈ N0. Since p
n−1Zp ⊆ Z(Gn), the
centre Z(Gn) is open in Gn and thus Ad(g) = id (as it does not matter for
the calculation of Ad(g) if we consider g as an element of G, or as an element
of the open subgroup Gn ⊆ G).
(b) is a special case of Lemma 2.8.
(c) To construct a group homomorphism φ : G→ Qp, we start with φ0 :=
idQp : G0 = Qp → Qp, z 7→ z. If n ∈ N and a homomorphism φn−1 : Gn−1 →
Qp has already been constructed with φn−1(z) = z for all z ∈ p
n−2Zp, then
the universal property of the amalgamated product provides a unique group
homomorphism
φn : Gn = Gn−1 ∗pn−1Zp Qp → Qp (8)
such that
φn|Gn−1 = φn−1 (9)
and φn|Qp = idQp : Qp → Qp (considered as a map from the second factor in
(8) toQp). By (9), we obtain a well-defined group homomorphism φ : G→ Qp
via φ(x) := φn(x) if x ∈ Gn. Then φ|Gn = φn for each n. In particular,
restricting φ to G0 = Qp, we obtain φ|Qp = φ0 = idQp. Since G0 is open
in G and idQp an analytic map, we deduce that φ is analytic and L(φ) =
Te idQp = idQp. Thus φ is e´tale and surjective, whence K := ker φ is discrete
and G/K ∼= φ(G) = Qp. To get ψ, compose φ with the embedding Qp →
GL2(Qp), z 7→
(
1 z
0 1
)
.
(d) Since G/K is abelian in (c), we have G′ ⊆ K. As K is discrete,
discreteness of G′ follows. ✷
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4 Proof of the proposition
We now prove the proposition stated in the Introduction.
To reach a contradiction, suppose that an extraordinary p-adic Lie group
H exists. If Problem 1 has a positive answer, then we can find a normal
subgroup K ⊆ H such thatH/K is linear and there exists an abelian, normal
subgroup Z ⊆ K with K/Z discrete. Then Z is open in H or discrete. If Z
is open, then Z is an abelian open subnormal subgroup of H ; but Z ′ must be
non-discrete as H is extraordinary (contradiction). If Z is discrete, then also
K is discrete. Because H/K is linear, we have L(R(H/K)) = rad(L(H/K))
(see [4, Lemma 1.3]; cf. [2, Lemma 6.4]) and thus L(R(H/K)) = L(H/K),
since L(H/K) (like L(H)) is abelian. Hence R(H/K) contains a soluble
closed normal subgroup S of H/K (see [4, Lemma 1.2]). Let q : H → H/K
be the quotient morphism. Then T := q−1(S) is an open subnormal subgroup
of H and T (k) is discrete for large k (because T (k) ⊆ K for large k, in view
of q(T (k)) = S(k)). Choose k minimal with T (k) discrete. Then N := T (k−1)
is an open subnormal subgroup of H such that N ′ is discrete, contradicting
the hypothesis that H is extraordinary. ✷
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